Consider a system consisting of n d-dimensional quantum particles (qudits), and suppose that we want to optimize the entanglement between each pair. One can ask the following basic question regarding the sharing of entanglement: what is the largest possible value E max (n, d) of the minimum entanglement between any two particles in the system? Here we take the entanglement of formation as our measure of entanglement. For n = 3 and d = 2, that is, for a system of three qubits, the answer is known: E max (3, 2) = 0.550. In this paper we consider a system of d qudits and show that E max (d, d) ≥ 1. For the special case of three particles, where we can compare qubits to qutrits (that is, 3-dimensional particles), our results show that in a certain sense, qutrits can share entanglement better than qubits.
One of the characteristic differences between quantum entanglement and classical correlation is this: whereas arbitrarily many classical systems can be perfectly correlated with each other-the temperature fluctuations in ten different cities could in principle be exactly parallel-any entanglement that may exist between two quantum particles has the effect of limiting the degree to which either of the particles can be entangled with anything else [1, 2] . As this limitation seems to be a fundamental property of entanglement, one would like to find ways of expressing it quantitatively. The following problem offers one approach to such a quantitative expression. Consider a system of n d-dimensional quantum particles (qudits), and suppose that one wants each particle to be highly entangled with each of the other particles. We expect that there will have to be compromises, since increasing the entanglement of any given pair will work against the entanglements of other pairs. It makes sense, then, to ask how large one can make the minimum pairwise entanglement, the minimum being taken over all pairs 1 [3] . In this paper we address this problem, taking as our measure of entanglement the entanglement of formation [4, 5] , which for a pair of qudits ranges from zero to log 2 d. For a collection of n qudits, let us call the maximum possible value of the minimum pairwise entanglement E max (n, d). This function, if it could be found, would give us a specific quantitative restriction on the degree to which entanglement can be shared among several particles.
Before listing the results that have been obtained so far on this problem, let us recall the definition of entanglement of formation. For a pure state |Φ of a bipartite quantum system, the entanglement E(Φ) is defined [6] as
the r i 's being the eigenvalues of the density matrix of either subsystem. (For a pure bipartite state the density matrices of both subsystems necessarily have the same eigenvalues.) A mixed state ρ can always be written, usually in many different ways, as a probabilistic mixture of distinct but not necessarily orthogonal pure states:
The entanglement of formation of ρ is defined [4, 5] as the average entanglement of the pure states of the decomposition, minimized over all possible decompositions:
For a pair of qubits, there is an explicit formula for the entanglement of formation of an arbitrary mixed state [7] . It is given in terms of another measure of entanglement called the concurrence [8, 7] , which is at this point defined only for qubits and ranges from zero to one. 2 In terms of the concurrence C, the entanglement of formation of a pair of qubits is E f (ρ) = E(C(ρ)), where the function E is defined by
and h is the binary entropy function h(
We will not be studying qubits in this paper, but Eq. (4) will be useful both in summarizing previous work on the problem and in presenting our own work. Finding E max (n, d) for arbitrary n and d may turn out to be a very hard problem. We list below the results that have been obtained so far.
1. E max (2, d) = log 2 d. This equation simply says that if there are only two particles, they can achieve the maximum possible value of the entanglement of formation; they do not have to share the entanglement with other particles.
2. E max (3, 2) = E(2/3) = 0.550. Dür et al. [3] obtained this result by proving that the optimal pairwise entanglement for a system of three qubits is achieved in the state (1/ √ 3)(|100 + |010 + |001 ).
3. E max (n, 2) ≥ E(2/n). Koashi et al. [9] showed that for a system of n qubits, if the density matrix is invariant under all permutations of the particles, the maximum pairwise concurrence is 2/n. It is conceivable (though it seems unlikely) that by removing the symmetry constraint one might be able to achieve a greater pairwise entanglement; hence the inequality in this case rather than an equality.
In this paper we add one new item to the above list: we show by an explicit example-and it is quite a simple example-that E max (d, d) ≥ 1. More precisely, for a system of d particles, each having d dimensions, we find a specific state in which each pair of particles has exactly 1 "ebit" of entanglement between them. To illustrate our general construction, we start with the case of three 3-dimensional particles, or qutrits. Let the particles be called A, B and C, and let the indices i, j and k label the elements of orthogonal bases for the three particles, each index taking the values 1, 2 and 3. Our special state for this case is |ξ = 1
where ǫ ijk is antisymmetric under interchange of any two indices and ǫ 123 = 1. The density matrix |ξ ξ| is symmetric under interchange of any two qubits, so that each pair of particles is equally entangled. To find the pairwise entanglement, we write down the reduced density matrix of any pair; for definiteness we choose the first two particles, A and B:
δ being the Kronecker delta. Alternatively, we can write ρ AB without indices as
where I is the identity operator and F is the operator that interchanges particles A and B: F = ij |ij ji|. The two-qutrit state ρ AB is an example of a Werner state, that is, a state (in any dimension) of the form ρ = aI +bF , a and b being real numbers. Vollbrecht and Werner [10] have shown that the entanglement of formation of any Werner state is given by E f (ρ) = E(c(ρ)), where c(ρ) = −Tr ρF . (When c(ρ) is non-negative, it plays the role of a concurrence for Werner states.) In our case, c(ρ AB ) = 1, so that the entanglement is E f (ρ AB ) = E(1) = 1. Thus each pair of qutrits has exactly one ebit of entanglement.
It is a simple matter to generalize the above construction to a system of d qudits. In that case, we have d indices i 1 , i 2 , . . . , i d , each taking values from 1 to d. Our special state for this system is
where ǫ i 1 ...i d is again completely antisymmetric and ǫ 1,2,...,d = 1. One can show directly that the reduced density matrix of each pair of particles is again a Werner state:
and that the entanglement of formation of this state is again 1 ebit. We thus conclude that E max (d, d) ≥ 1. We need to write an inequality here simply because our state |ξ may not optimize the pairwise entanglement; one might be able to do better. (However, having put some effort into looking for better states with d = 3, we regard it as likely that our state is optimal in that case.) It is interesting to compare our result for three qutrits with the previously studied example of three qubits [3] . The entanglement of formation of an isolated pair of qutrits can be as large as log 2 3 = 1.585, whereas for an isolated pair of qubits the entanglement of formation ranges only up to 1.000. We can say, then, that the entanglement capacity of a pair of qutrits is 1.585, as opposed to 1.000 for a pair of qubits. It is therefore not surprising that in a system of three qutrits the entanglement of each pair can be larger than in a system of three qubits: 1.000 for qutrits; 0.550 for qubits. We can perhaps make a fairer comparison by looking at these values as percentages of the respective entanglement capacities. In a system of three qubits, each pair can have no more than 55% of its entanglement capacity. In the case of three qutrits, the entanglement between each pair can be at least 1.000/1.585, or 63% of the capacity. In this sense, qutrits seem better able to share entanglement than qubits, at least in this example. It is interesting to ask whether this "trend," if two points can constitute a trend, will continue for larger values of d. That is, will E max (3, d)/ log 2 d continue to increase with increasing d? And what is the limiting value of this ratio as d goes to infinity? If the limit turns out to be one, which is not inconceivable, then in a certain sense entanglement would become more like classical correlation as the dimension of the particles gets larger: each pair could be almost fully entangled, just as classical particles can be simultaneously correlated with several other particles.
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Our current result and the earlier work cited above provide a few pieces of information about the function E max (n, d), though not enough to speculate with any confidence on its general form. Though in this paper we have focused on the entanglement of formation, it is important to note that there are other measures of entanglement and it is probably a good idea, in looking for ways to quantify the restrictions on the sharing of entanglement among several particles, to keep in mind alternatives such as the relative entropy of entanglement [11] and the generalized concurrence of Rungta et al. [12] . At the present stage of investigation, it is not clear which measure or measures will yield the most elegant quantitative expressions of the limitations on entanglement sharing.
